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ABSTRACT 
 

Additive multivariate utility functions are common in applications of economic decision-making. They 

exist in many areas of multi-attribute decisions and feature prominently in several behavioral economic 

decision models. For predictions or welfare analyses using such models, it is often necessary to calibrate 

both ordinal and cardinal preferences in them. One aspect of cardinal preferences is risk aversion. 

However, the concept of risk aversion in additive multivariate utility functions is poorly understood. In 

fact, it is impossible to compare two additive multivariate utility functions solely with respect to their 

risk aversion regarding one or more attributes - changing their risk aversion changes ordinal preferences. 

We introduce the class of contextual additive multivariate utility functions and consider a subclass of 

increases in Arrow-Pratt risk aversion, namely those that increase risk aversion in the sense of Ross. In 

this setting we show that risk premiums change monotonically in risk aversion regarding a single 

attribute which eases the process of calibrating preference functionals. Additionally, ordinal preferences 

change in a sensible manner when Ross risk aversion is increased. We apply our procedure to calibration 

and risk premiums in the Kőszegi-Rabin decision model. 
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1 Introduction23

To describe behavior in decisions under risk, economic theory often considers models in which24

decision-makers are concerned with more than one attribute. Examples include applied fields in25

which arguments other than wealth are of importance, such as health economics (Viscusi and Evans,26

1990) and labor economics (Chetty, 2006). Moreover, theories of multiple attributes are at the heart27

of several modern developments in behavioral economics. Models such as regret theory (Loomes28

and Sugden, 1982), fairness preferences (Fehr and Schmidt, 1999) or reference-dependent preferences29

(Kőszegi and Rabin, 2007) trade off wealth consequences with other stimuli such as the regret from30

foregone alternatives, the relative positioning in a group, or divergence from a reference point. In31

almost all of these applications, an additive multivariate utility (AMU) function is the predominant32

parametric assumption (e.g., Hall and Jones, 2007; Einav et al., 2010).1 Particularly in behavioral33

economics, additive forms are commonly assumed to make the representation of preferences as34

simple as possible (see, e.g., the models referenced above).35

To predict decision-making behavior or pursue welfare analysis, knowledge of the decision-36

makers’ preferences is often necessary. For example, to model insurance demand using regret theory,37

we need to know how much potential regret decision-makers are willing to accept in order to reduce38

the riskiness of their long term wealth (Braun and Muermann, 2004). Similarly, for analyzing the39

welfare distortions due to asymmetric information in the annuity market, we need to know how40

consumers trade off risk in lifetime consumption with their preferences to bequeath (Einav et al.,41

2010). The literature has thus spent continued effort on calibrating preference functionals from42

both experimental data (Andersen et al., 2008; Bleichrodt et al., 2010; Attema et al., 2016) and43

naturally occurring data (Chetty, 2006; Einav et al., 2010; Barseghyan et al., 2013). Calibration in44

multivariate utility functions is not limited to parameters that capture ordinal preferences across45

attributes, but also extends to parameters characterizing cardinal preference information. Specifi-46

cally, this entails knowledge of risk attitude, which in additive models is captured in the component47

functions of the individual attributes. Since calibration is the inference of preferences from be-48

havior, it is thus of interest to know, how changes in risk attitude regarding one of the attributes49

impact decision-makers’ behavior. In the univariate setting, risk attitude is captured by the index50

1See Pollak (1967) for necessary and sufficient conditions justifying such assumptions.
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developed in Arrow (1970) and Pratt (1964). This has naturally led to the use of the Arrow-Pratt51

index to measure single-attribute risk attitude in AMU functions (Keeney, 1973; Chetty, 2006).52

However, the concept of risk attitude in multivariate utility functions, even in the simple case of53

AMU functions, remains poorly understood (Epstein and Zin, 1989; Bommier et al., 2012).54

In this paper, we first remark that changing risk attitude in AMU functions without leaving55

the additive paradigm, always changes ordinal preferences. Therefore, the Arrow-Pratt coefficient56

of risk aversion regarding a single attribute has no general interpretation in AMU functions. We57

then consider different concepts of single-attribute risk premiums in the multivariate setting. We58

derive conditions under which changes in single-attribute risk attitude lead to monotonic changes in59

these risk premiums. For this, we introduce a new class of utility functions, the contextual additive60

multivariate utility (CAMU) functions which are based on the concept of contextual utility initially61

introduced by Wilcox (2011). For CAMU functions, we demonstrate that a restricted class of risk-62

aversion-increasing Arrow-Pratt transformations, namely those defined by Ross (1981), leads to63

monotonic changes of risk premiums in all attributes. Although these transformations still change64

ordinal preferences by necessity, we show these changes to be in accordance with intuition. We65

demonstrate the usefulness of our results in an applications. We show how they lead to monotone66

risk premiums in the Kőszegi and Rabin (2007) decision model which eases calibration of the model.67

To exemplify the problem analyzed in this paper, consider the decision situation displayed in68

Figure 1. The decision-maker is faced with the decision between lotteries L1 and L2. L1 is risky in69

terms of the first attribute, which we will call wealth, w. It does, however, offer a higher expected70

value of w than L2 which is riskless with regard to wealth. L1 additionally has a lower second71

attribute, which we will call health, h. We now assume the expected utility maximizing decision-72

maker to evaluate the lotteries with utility function U(w, h) = 1 − e−ξw + h0.5. In the univariate73

case, ξ simply denotes the risk aversion with regard to w. Here, however, the relationship is not74

as clear. This becomes apparent when considering that for ξ = 0.0002, the decision-maker prefers75

L2 (the riskless lottery) to L1 (the risky lottery). If we now increase ξ to 0.0004, these preferences76

reverse. A higher coefficient of absolute risk aversion in this CARA utility function over wealth77

actually leads to the selection of the more risky lottery.78

The intuition behind the puzzling behavior in the example and the result of this paper in79

general is that an increase in risk aversion in the univariate case is dependent on the condition that80
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Figure 1: A simple multivariate decision situation

univariate utility functions are unique up to a positive affine transformation. In the multivariate81

case, however, applying a positive affine transformation to a component of the multivariate utility82

function changes the ordinal preferences of the decision-maker which makes the utility functions83

generally incomparable with regard to risk aversion (Kihlstrom and Mirman, 1974). In the example84

above, changing ξ not only changes the curvature with respect to wealth, but also increases the85

weight of wealth relative to health in the preference functional.286

The study of risk aversion originates in the univariate case, usually referred to as the utility87

function over money. Arrow (1970) and Pratt (1964) establish a series of results on risk aversion88

in this context. They show that the coefficient of risk aversion can be related to the risk premium89

and that an increasing and concave transformation of the utility function increases the risk aversion90

coefficient. Due to the particularities of the univariate case, changing the risk aversion of a preference91

functional preserves the ordinal preferences of the decision-maker. Based on this work, Ross (1981)92

introduce a stronger measure of risk aversion. As is for example shown in Eeckhoudt et al. (1996), the93

resulting stronger ordering of utility functions allows for deriving unambiguous comparative statics94

in more situations than the more general measure of Arrow (1970) and Pratt (1964). Diamond95

and Stiglitz (1974) and Kihlstrom and Mirman (1974, 1981) consider risk aversion in multivariate96

utility functions. Kihlstrom and Mirman (1974) make a convincing argument why such general97

analyses can only cover variations in the utility function which preserve the ordinal preferences98

over the outcome space. Prior analyses of risk aversion in multivariate utility functions have thus99

been limited to transformations of the preference functional which preserve the original ordinal100

preferences (see, e.g., Bommier et al., 2012).3 This, however, limits the comparable functions to101

relatively few cases and makes all AMU functions incomparable (see our Proposition 1).102

2Note that a similar counterexample could be constructed if the increase in risk aversion would decrease the relative
weight of wealth, or if the utility from health was linear.

3There is another stream of literature which is closely connected to the issue at hand. Karni (1983a,b) considers
state dependent preferences with similar techniques and results as have been applied to multivariate risk aversion. He
limits his analyses to “comparable” preferences which are analogous to preserved ordinal preferences.

4



The topic is also related to intertemporal utility theory. Additive intertemporal utility models103

can be seen as a special case of AMU functions in the sense that in most applications the model is a104

weighted combination of the same utility function applied to different arguments. In the literature,105

it is well known that simply applying a Pratt transformation to this utility function does not only106

make the decision-maker more risk averse but that the intertemporal rate of substitution is also107

affected (Richard, 1975; Bommier, 2007). As with other problems of risk aversion in multivariate108

utility, the common way to address the issue is to leave the additive paradigm and consider only109

transformations which do not affect the ordinal preferences (e.g., Epstein and Zin, 1989).110

The literature does not yet offer a way to maintain the additive structure of the multivariate111

utility function and store meaning on the risk aversion for a single attribute. The only exception112

to this is a comparative static result derived by Jindapon and Neilson (2007). They use a transfor-113

mation which fixes marginal utility at the expectation of a risk to achieve monotonicity properties114

comparable to those derived for our model. As is discussed in Section 4, their transformation,115

which was derived for a different purpose, is not as flexible as the contextual utility functions uti-116

lized here. In an extension of the result by Jindapon and Neilson (2007), Liu and Wang (2017)117

recently developed a comparative static result in an additive setting using contextual utility. In118

the same setting as Jindapon and Neilson (2007) they showed a result related to our Theorem 1119

regarding n-th degree changes in risk. Our result builds on theirs but is different in the sense that120

they analyze a maximization problem, which cannot directly inform about risk premiums.4 Also,121

while their result is considering generalizations of risk aversion concepts, we are interested in the122

possible applications for calibrating decision models.123

Our analysis is necessary, because the common approach of applying a concave transformation124

to the entire preference functional (which is equivalent to leaving the additive paradigm) cannot125

provide insight into certain matters. Particularly the calibration of behavioral decision models with126

an additive structure is not covered by it.127

4Optimal prevention as studied in Liu and Wang (2017) is a maximization problem, while the level of the risk
premium is a problem of willingness to pay. The two concepts are related, but the answer to one of them does not
necessarily imply the answer to the other. See, e.g., Jaspersen (2016, footnote 6) for a numerical example in which
the two concepts lead to different answers.
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2 Theoretical result128

2.1 Notation129

Consider a utility function in two attributes x1 ∈ X1 and x2 ∈ X2 such that U(x1, x2) : X1×X2 7→ R.130

Here, we will only consider functions which are twice continuously differentiable in both attributes.131

Throughout the paper, we will denote the attribute of interest as i and the other attribute as −i.132

A prospect in attribute i is risky when denoted by a tilde (as in x̃i). The coefficient of absolute risk133

aversion of utility function U(·) regarding attribute i is defined as (Keeney, 1973; Chetty, 2006)134

rUi (xi, x−i) = −U
ii(xi, x−i)

U i(xi, x−i)
, (1)

whereas U i and U ii denote the first and second partial derivative of U(·) towards attribute i,135

respectively. We will focus on cases in which U i > 0, U ii < 0 ∀ i. Keeney (1973) defines the class of136

risk independent utility functions as those in which ri is independent of x−i for all values of xi. In137

such functions, the risk aversion coefficient regarding attribute i at some value xi is thus the same138

for all possible values of the other attribute −i. For two attributes, he shows these functions to be139

of the form140

U(x1, x2) = u1(x1) + u2(x2) + ku1(x1)u2(x2). (2)

In this form, we will call the functions ui(xi) component utility functions for attribute i. k is a141

constant to be empirically evaluated. The class of additive multivariate utility (AMU) functions is142

the class of all risk independent utility functions with k = 0.143

In the univariate case, a utility function v(x) is considered strictly more Arrow-Pratt risk averse144

than a utility function u(x) if rv(x) > ru(x) ∀ x. Pratt (1964) shows that for each utility function145

v(x) which is strictly more Arrow-Pratt risk averse than u(x) for all values of x, there is a function146

g(·) with g′ > 0 and g′′ < 0 such that v(x) = g(u(x)). Ross (1981) defines a stronger comparison147

of two utility functions. Here, a utility function v(x) is more Ross risk averse than u(x) for all148

xa, xb ∈ [xmin;xmax] if there exists a λ > 0 such that149

v′′(xa)

u′′(xa)
≥ λ ≥ v′(xb)

u′(xb)
. (3)
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From this definition, it is obvious that more Ross risk averse implies more Arrow-Pratt risk averse.150

The opposite, however, is not true. Ross initially developed his concept of risk aversion to obtain151

unambiguous comparative statics in which increases in Arrow-Pratt risk aversion could not render152

such results. His examples included a risk-return trade-off if the initial wealth of the decision-maker153

is random and a standard portfolio problem with two risky goods. Since then, Ross risk aversion154

has been applied to other situations such as risk taking behavior in the presence of background risk155

(Eeckhoudt et al., 1996) and prevention (Jindapon and Neilson, 2007).156

Similar to Pratt’s (1964) result on Arrow-Pratt risk aversion increasing transformations, Ross157

also introduces a transformation that is necessary and sufficient for increasing Ross risk aversion.158

He shows that for every pair of increasing utility functions u(x) and v(x) with v(x) being more159

Ross risk averse than u(x) as described in equation (3), there exists a function h(x) > 0 with160

−λu′(x) < h′(x) ≤ 0 and h′′(x) ≤ 0 such that v(x) = λu(x) + h(x). Note that other than161

−λu′(x) < h′(x), there is no restriction on the scaling of v(x). If we rewrite equation (3) simply as162

−v′′(xa)
v′(xb)

≥ −u
′′(xa)

u′(xb)
, we can see that if v(x) is more Ross risk averse than u(x), the same will be true163

for bv(x) for all b > 0.164

Pratt (1964) introduces the concept of the risk premium, π. This is the amount of money an165

individual would be willing to pay in order to receive the expected value of a risky prospect instead166

of the risky prospect. In the univariate case this corresponds to: E[u(x̃)] = u(E[x̃] − π). In the167

multivariate case, one can imagine a similar definition of the risk premium. There is, however, the168

question of which attribute pays this risk premium. We thus define the risk premium using two169

indices.5 The first index denotes the attribute in which the premium is paid. For this payment,170

the decision-maker exchanges the risky prospect of the attribute denoted by the second index for171

its actuarial equivalent. Letting the attribute for which the actuarial equivalent is gained be xi, we172

can define the on-attribute risk premium, πi,i via173

E[U(x̃i, x̃−i)] = E[U(E[x̃i]− πi,i, x̃−i)]. (4)

5Paroush (1975) offers a broader definition of the risk premium in the multivariate case than is used here. He
relates it to the coefficient of risk aversion in multivariate utility functions with equal ordinal preferences. Since
ordinal preferences change between different AMU functions, the results derived here do not hold under his more
general definition as is discussed in Appendix A.
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We will also be concerned with the cross-attribute risk premium. π−i,i describes the amount of174

attribute x−i the individual is willing to give up in order to receive the expected value of the risky175

prospect x̃i instead of the risky prospect itself.176

E[U(x̃i, x̃−i)] = E[U(E[x̃i], x̃−i − π−i,i)] (5)

We can also define it more specifically in the class of AMU functions177

E[ui(x̃i)] + E[u−i(x̃−i)] = ui(E[x̃i]) + E[u−i(x̃−i − π−i,i)]. (6)

2.2 Increased risk aversion and ordinal preferences178

We first remark on a fundamental property of risk aversion coefficients regarding a single attribute179

in multivariate utility functions in general and in AMU functions in particular, by considering how180

they relate to the ordinal preference ordering. In general, it is not possible to vary the risk aversion181

regarding a single attribute while keeping the risk aversion coefficients regarding other attributes182

and ordinal preferences fixed. For the additive case, we state that two different AMU functions183

can never be compared in their risk preferences independently of their ordinal preference ordering.184

Specifically we state:185

186

Proposition 1. Assume two twice continuously differentiable utility functions in two attributes

U(x1, x2) and V (x1, x2) with rVi (xi, x−i) 6= rUi (xi, x−i) for some i ∈ {1, 2} and at least one pair

xi, x−i. Then

1. if rV−i(xi, x−i) = rU−i(xi, x−i) at the same pair xi, x−i, U(x1, x2) and V (x1, x2) do not imply

the same ordinal preference ordering.

2. if U(x1, x2) and V (x1, x2) are AMU functions, U(x1, x2) and V (x1, x2) do not imply the same

ordinal preference ordering.

187

188

The extension of all statement to more than one attribute and their proofs are provided in189

Appendix A. Though the proposition is stated in terms of changes in Arrow-Pratt risk aversion, it190

also holds for changes in Ross risk aversion. This follows because every change in Ross risk aversion191

is also a change in Arrow-Pratt risk aversion.192
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The proposition is not new to the literature, even though it is not usually stated explicitly. In his193

analysis of labor supply behavior and risk aversion, Chetty (2006) implicitly relies on the first item194

of Proposition 1. He uses ordinal preferences over labor supply and income to determine restrictions195

on risk aversion over money. Our proposition states the general theoretical result underlying this196

approach. A further implication is that no such thing as a comparative static towards the coefficient197

of risk aversion regarding a single attribute can exist. Any change in this parameter will either198

change the risk aversion coefficients regarding other attributes, the ordinal preferences between199

attributes, or both.200

The second item considers the special case of AMU functions. Among others, Attanasio and201

Weber (1989) have made the observation that for additive and homogeneous intertemporal utility202

functions, the elasticity of substitution and the coefficient of relative risk aversion are reciprocals203

of one another. More broadly, the literature on stationary and recursive intertemporal preferences204

(originated by Koopmans, 1960) has shown that ordinal preferences and risk aversion are jointly205

determined for stationary and recursive AMU functions (Bommier et al., 2017). However, as has206

been shown by Epstein (1983), stationarity only appears in those AMU functions which evaluate207

each attribute with the same component utility function. It can be alluded that an analogous result208

holds for AMU functions with differing component utility functions. Nevertheless, we state the209

result explicitly here and provide its proof in the appendix.210

The immediate consequence of the proposition for the context of our study is that AMU functions211

can never be compared solely in terms of risk aversion, even if the risk aversion coefficients towards212

all attributes are changed at the same time. Any non-linear, additivity preserving transformation of213

the utility function will change more aspects of the preference functional than just the risk aversion214

coefficients. It is, however, common to apply such transformations in the literature. Life-cycle215

consumption models, for example when analyzing optimal financial holdings over time, often use216

a utility function which is additively separable over time and report robustness checks regarding217

the parameter determining risk aversion in the assumed parametric form of the component utility218

functions. As is already discussed above, such comparisons not only reflect the implications of a219

change in risk aversion but reflect changes in other aspects of the preference functional as well220

(Richard, 1975; Epstein and Zin, 1989). For true comparative statics in risk aversion, one would221

have to consider concavification of the entire preference functionals (Kihlstrom and Mirman, 1974).222
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However, such a transformation does not preserve additivity and cannot address the situation in223

which one wants to change risk aversion regarding a single attribute only. We cover the implications224

of this in the next section.225

2.3 Nonmonotonicity of cross-attribute risk premiums226

We exemplify the implications of Proposition 1 for risk premiums using a general setting. In what227

follows, we will relate the coefficient of risk aversion regarding attribute i to the risk premiums228

πj,i, j ∈ {i,−i}, to see which results from the univariate case carry over to the multivariate case.229

Initially, it seems very appealing to simply apply a concave transformation as in Pratt (1964) to230

the component function of an AMU function. The appeal lies in the ease of application. Pratt231

transformations offer a simple way of deriving comparative statics and thus facilitating calibrations.232

The omnipresent iso-elastic utility function, for example, uses exactly such transformations by233

varying the coefficient of relative risk aversion through adjusting its open parameter. However,234

even though we know from Keeney (1973) that such a transformation will increase the risk aversion235

coefficient of the utility function regarding the attribute of the component function, we also know236

from Proposition 1 that this risk aversion coefficient cannot be interpreted as in the univariate case.237

We begin with the on-attribute risk premium. Consider two multiattribute utility functions238

U(x1, x2) and V (x1, x2) for which for some i it holds that rVi (xi, x−i) ≥ rUi (xi, x−i) ∀ xi, x−i. Let239

both x̃1 and x̃2 be random variables. For utility function U(·), the on-attribute risk premium for240

attribute i is then defined as E[ui(x̃i)] + E[u−i(x̃−i)] = ui(E[x̃i] − πUi,i) + E[u−i(x̃−i)] or simply241

E[ui(x̃i)] = ui(E[x̃i]− πUi,i). Since this definition corresponds to the definition of the risk premium242

in the univariate case, we can conclude from Pratt (1964) that in the additive multivariate case243

rVi (xi, x−i) ≥ rUi (xi, x−i) ∀ xi, x−i also implies πVi,i ≥ πUi,i. Due to the relationship between the two244

orderings, this also holds if vi(xi) is more Ross risk averse than ui(xi).245

This convenient monotonicity of the on-attribute risk premium does, however, not carry over246

to the cross-attribute risk premium.6 Specifically, it is possible that πV−i,i < πU−i,i even though the247

component utility function vi(xi) exhibits higher Arrow Pratt risk aversion than ui(xi).248

6See also Karni (1979, footnote 2) for a result with a similar intuition. He, however, only varies the weights of the
component utility functions, not their curvature.
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To show this, consider a component untility function vi(xi) = b[λui(xi)−h(xi)] with b > 0. vi(xi)249

is a positive affine transformation of a Ross transformation of ui(xi). Therefore, vi(xi) is more Ross250

risk averse than ui(xi). Recall that every Ross transformation is also a Pratt transformation. In251

consequence, vi(xi) is also more Arrow Pratt risk averse than ui(xi).252

Now rearrange (6) such that253

E[ui(x̃i)] + E[u−i(x̃−i)]− ui(E[x̃i]) = E[u−i(x̃−i − πU−i,i)] (7)

and define the new cross-attribute risk premium, πV−i,i, via254

E[vi(x̃i)] + E[u−i(x̃−i)]− vi(E[x̃i]) = E[u−i(x̃−i − πV−i,i)]. (8)

Due to u′−i > 0, we can evaluate the expression F = E[u−i(x̃−i− πU−i,i)]−E[u−i(x̃−i− πV−i,i)] to255

determine the sign of πV−i,i − πU−i,i:256

F =
[
E[ui(x̃i)] + E[u−i(x̃−i)]− ui(E[x̃i])

]
−
[
E[vi(x̃i)] + E[u−i(x̃−i)]− vi(E[x̃i])

]
(9)

Using the definition of vi(xi) gives257

F =
[
E[ui(x̃i)]+E[u−i(x̃−i)]−ui(E[x̃i])

]
−
[
E[u−i(x̃−i)] + bλ

[
E[u(x̃i)]− ui(E[x̃i])

]
+ bE[h(x̃i)]− h(E[x̃i])

]
.

(10)

We rearrange and evaluate258

F = (1− bλ)
[
E[ui(x̃i)]− ui(E[x̃i])

]
+ b
[
h(E[x̃i])− E[h(x̃i)]

]
. (11)

Taking the limit of this expression for b approaching zero renders259

lim
b→0

F = E[ui(x̃i)]− ui(E[x̃i]). (12)

Thus, since the sign of F is the sign of πV−i,i−πU−i,i, we know that for u′′1 < 0 and sufficiently small260

b, πV−i,i < πU−i,i can appear. This is counterintuitive. The mechanic behind this result, however,261

is simple. We can write out the preference functional including the Ross transformation on the262
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component function for attribute 1 as:263

V (x1, x2) = b
[
λu1(x1) + h(x1)

]
+ u2(x2) (13)

This makes it apparent that a decrease in b increases the weight of x2 in comparison to x1. As such264

even though any risk in x1 decreases the utility more for V (·) than for U(·), the compensation of265

x2 needed for such a risk can decrease since the importance of x1 decreases with decreasing b.266

2.4 Contextual additive multivariate utility functions267

In this section, we introduce the class of contextual additive multivariate utility (CAMU) functions268

which uses a construction similar to contextual utility developed by Wilcox (2011) for stochastic269

applications of univariate utility functions. We define the context of a decision problem as the270

minimum and maximum achievable values for each attribute, respectively denoted xmini and xmaxi .271

The contextual component utility function is then defined as ūi =
ui(xi)−ui(xmin

i )

ui(xmax
i )−ui(xmin

i )
whereas ui(·)272

can be any twice continuously differentiable utility function with u′i > 0.7 A CAMU function in273

two attributes is defined as follows (for arbitrary positive constants b1 and b2)8:274

Ū(x1, x2) = b1ū1(x1) + b2ū2(x2) (14)

While the class of CAMU functions is more restrictive than the class of AMU functions, we can275

actually show that, given a context, for any function in the latter class, there is a function in the276

former class which represents the same preferences. To see this, take an arbitrary AMU function277

U(x1, x2) = u1(x1) + u2(x2) as defined above. The corresponding contextual function is given by278

(14) when setting b1 = u1(xmax1 )− u1(xmin1 ) and b2 = u2(xmax2 )− u2(xmin2 ). The function Ū(x1, x2)279

is now a positive affine transformation of U(x1, x2) and thus implies the same preferences.280

We can increase the risk aversion coefficient regarding a single attribute in these contextual281

functions by applying a positive concave transformation ḡ(·) to the attribute’s contextual component282

utility function. The resulting new multivariate utility function will again be contextual if the283

7It is apparent that each contextual component utility function is bounded.
8The function would be fully specified with one constant multiplied with one of the component utility functions,

because the overall function Ū(x1, x2) is again invariant to positive affine transformations. We maintain the structure
with two weighting constants because we want to be explicit about the weights and do not want to raise confusion
with the case of n attributes discussed in Appendix A.
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transformation ḡ(·) itself is a contextual function on the context [0, 1]. Wilcox (2011) shows that284

v̄i(xi) > ūi(xi) for all values of xi ∈ [xmini , xmaxi ] if v̄i(xi) = ḡ(ūi(xi)). This is a convenient property285

for all changes in risk aversion. In the univariate case it implies the decision-maker to become286

”stochastically more risk averse” in the sense that if lottery L1 is a mean preserving spread of287

lottery L2, then in a stochastic expected utility model (as, e.g., discussed in Debreu, 1958) the288

probability of a decision-maker with utility function v̄(·) to choose L2 over L1 is strictly higher than289

that of a decision-maker with utility function ū(·). For independent mean preserving spreads in290

individual attributes, this property carries over to AMU functions.9291

For our later results and for applications to behavioral decision models, comparisons of the292

derivatives of v̄i(xi) and ūi(xi) will be interesting. The following lemma, which is due to Liu293

and Wang (2017)10, states that for increases in Ross risk aversion, the second derivatives can be294

compared.11
295

Lemma 1. For two twice continuously differentiable, increasing and strictly concave contextual296

component utility functions ūi(xi) and v̄i(xi) such that v̄i(xi) is more Ross risk averse than ūi(xi),297

the function f(xi) = v̄i(xi)− ūi(xi) is concave for all values of xi ∈ [xmini , xmaxi ].298

The first immediate consequence of the Lemma in combination with the result from Wilcox299

(2011) is that the difference in slopes of the two component utility functions ūi(xi) and v̄i(xi) is300

neither universally positive nor universally negative. To see this, consider the definition of the301

contextual component utility functions. It implies that ūi(x
min
i ) = v̄i(x

min
i ) = 0 and ūi(x

max
i ) =302

v̄i(x
max
i ) = 1. The difference between the two functions, f(xi) is thus zero at the end points of the303

context, and positive and concave in between. As such, the slope of f(xi) must first be positive and304

then negative.305

The main use of Lemma 1, however, is the following. With it, we can show that the class306

of CAMU functions has the convenient property that for any attribute i both on-attribute risk307

premiums and cross-attribute risk premiums are, ceteris paribus, monotonically increasing with an308

9Since in AMU functions, the absolute difference in expected utilities is the sum of the absolute differences in the
expected component utilities, this property follows immediately from the proof in Wilcox (2011).

10Even though a result similar to Lemma 1 is shown in Liu and Wang (2017), we still provide the proof in the
appendix for completeness.

11An increase in Arrow-Pratt risk aversion is not sufficient for the second derivatives to be comparable. Take the
two functions ūi(xi) = x0.5 and v̄i(xi) = x0.05. Both are contextual utility functions on the context [0, 1] and v̄i(xi) is
more Arrow-Pratt risk averse than ūi(xi), but the function f(xi) = v̄i(xi) − ūi(xi) is not concave on [0, 1]. We thank
Marciano Siniscalchi for pointing out this helpful counterexample.
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increase in Ross risk aversion regarding attribute i. This is summarized in the following theorem:309

310

Theorem 1. For two twice continuously differentiable, contextual additive multivariate utility func-

tions Ū(x1, x2) = b1ū1(x1)+b2ū2(x2) and V̄ (x1, x2) = b1v̄1(x1)+b2ū2(x2) with Ū1, Ū2 > 0; Ū11 < 0

and v̄1(x1) being weakly more Ross risk averse than ū1(x1), the following properties hold:

1. πV̄1,1 ≥ πŪ1,1 ∀ xj ∈ [xminj , xmaxj ], j ∈ {i,−i}

2. πV̄2,1 ≥ πŪ2,1 ∀ xj ∈ [xminj , xmaxj ], j ∈ {i,−i}

311

312

Theorem 1 and the discussion of CAMU functions above shows how useful the contextual con-313

struction can be. By using models with contextual utility functions, the applications will be limited314

to models which can accommodate bounded utility functions and increases in Ross risk aversion.315

However, since any bounded AMU function has a contextual counterpart implying the same pref-316

erences, there are no other limitations due to their application.317

2.5 Changes in ordinal preferences318

Kihlstrom and Mirman (1974) demonstrate that two agents with different ordinal preferences cannot319

solely be compared on the basis of their risk aversion. Let the first agent prefer outcome A over320

outcome B and the second agent prefer outcome B over outcome A. The first agent will then prefer321

outcome A over a gamble of outcome A and outcome B. The second agent will prefer the gamble322

over the certain outcome of A. At the same time, the second agent will prefer a certain outcome B323

over a gamble of outcomes A and B, while the first agent has reversed preferences. As such, it is324

difficult to compare the two agents with respect to their risk preferences.325

Proposition 1 establishes that such an example can be constructed for every two AMU functions326

which differ in their risk aversion at at least one point. The answer of Kihlstrom and Mirman327

(1974) to that dilemma is not to compare such functions at all. However, this limits comparability328

of multivariate utility functions to a small number of special cases and makes using AMU functions329

impossible. Using the contextual utility functions still changes ordinal preferences, but does so in a330

way that risk premiums change consistently. It will further be shown that ordinal preferences are331

also changed in a sensible way.332
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We use an illustrative setting to show how preferences change. Consider the following CAMU333

function: Ū(x1, x2) = b1ū1(x1) + b2ū2(x2). The agent is distributing a budget B between two334

attributes x1 and x2 at unit prices.12 This leads to a natural context [0, B] for both ū1(·) and ū2(·).335

The solution to this problem can be described by the first order condition:336

b1ū
′
1(x∗,Ū1 )− b2ū′2(B − x∗,Ū1 ) = 0 (15)

The question then is how the solution changes when the risk aversion of one of the component337

utility functions is changed. Without loss of generality, we focus on attribute x1. We construct338

V̄ (x1, x2) = b1v̄1(x1) + b2ū2(x2) with v̄1(x1) being more Ross risk averse than ū1(x1). To determine339

the change in the optimal amount of attribute x1, we evaluate the first order condition using the340

alternative preference function at the point x∗,Ū1 :341

∂V̄

∂x1

∣∣∣
x∗,Ū1

= b1v̄
′
1(x∗,Ū1 )− b2ū′2(B − x∗,Ū1 ) (16)

Knowing the second order condition being fulfilled and substituting (15) we can see that x∗,V̄1 >342

(=, <) x∗,Ū1 is equivalent to v̄′1(x∗,Ū1 )− ū′1(x∗,Ū1 ) > (=, <) 0.343

It would be counterintuitive if the solution was trivial such that increased risk aversion regarding344

one attribute would always lead to more or less preference for that attribute. This would imme-345

diately give rise to the possibility of constructing decision situations such as the one discussed in346

the introduction. Rather, the solution should change in a non-trivial, but systematic way in the347

form of a trade-off. Increased risk aversion regarding an attribute makes the agent averse to very348

low allocations of the good. At the same time, the marginal utility decreases more rapidly due to349

the increased risk aversion and thus the curve flattens out for high values. The intuitive way to350

structure the trade-off should thus be as follows: if the initial value of x∗,Ū1 was low, the new allo-351

cation should be higher. On the other hand, if the initial value of x∗,Ū1 was high, the new allocation352

should be lower. An AMU function with contextual component utility functions fulfills exactly this353

structure. As can be seen from the discussion of Lemma 1, f ′(xmin1 ) = v̄′1(xmin1 )− ū′1(xmin1 ) > 0 and354

12Alternatively, the problem can be thought of as centralized resource allocation involving a utilitarian-type welfare
function. The feasible set of allocations need not be defined just by the budget line and could also be restricted by
the two agent’s minimal acceptable levels (i.e. a core of a cooperative game). We do not model this here for sake of
simplicity of exposition, but it is clear that the above formulation does not affect generality.
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f ′(xmax1 ) = v̄′1(xmax1 ) − ū′1(xmax1 ) < 0. Since the function f(x1) is single peaked, the comparative355

static changes sign only once.356

We consider next how the point at which this change in sign takes place behaves. We denote this357

point, for which f ′(x∗,Ū1 ) = 0, as x0
1. Obviously, x0

1 depends on the exact change in the component358

function from ū(·) to v̄(·), a change which can take various forms. Here, we consider one specific359

scenario based on a simple subclass of Ross transformations. Namely, we focus on those functions360

which can be described by vk(x) = λu(x) + kh(x) with h(x) > 0, −λu′(x) < h′(x) ≤ 0, h′′(x) ≤ 0361

and 0 ≤ k < −λu
′(x)
h′(x) for all x ∈ [xmin, xmax]. We show in Appendix B that this class of functions is362

ordered such that Ross risk aversion is increasing in k. Thus, we can exemplify how x0
1 changes in363

the increase in Ross risk aversion, by considering its change in k. x0
1 is implicitly defined through364

f ′(x0
1) =

λu′(x0
1) + kh′(x0

1)

λ[u(xmax1 )− u(xmin1 )] + k[h(xmax1 )− h(xmin1 )]
− u′(x0

1)

u(xmax1 )− u(xmin1 )
= 0. (17)

From the implicit function theorem, we know that
∂x0

1
∂k = −∂f ′

∂k

(
∂f ′

∂x0
1

)−1
. From k < −λu

′(x)
h′(x)365

and −λu′(x) < h′(x), we know that kh′(x) > −λu′(x) which implies k[h(xmax1 ) − h(xmin1 )] >366

−λ[u(xmax1 ) − u(xmin1 )]. Thus, ∂f ′

∂x0
1

=
λu′′(x0

1)

λ[u(xmax
1 )−u(xmin

1 )]+k[h(xmax
1 )−h(xmin

1 )]
− λu′′(x)

λ[u(xmax
1 )−u(xmin

1 )]
+367

kh′′(x0
1)

λ[u(xmax
1 )−u(xmin

1 )]+k[h(xmax
1 )−h(xmin

1 )]
< 0 which implies the sign of

∂x0
1

∂k to be equal to that of ∂f ′

∂k .368

From ∂f ′

∂k =
h′(x0

1)λ[u(xmax
1 )−u(xmin

1 )]

(λ[u(xmax
1 )−u(xmin

1 )]+k[h(xmax
1 )−h(xmin

1 )])
2 < 0, we can hence deduce

∂x0
1

∂k < 0.369

The point at which the comparative statics changes sign thus decreases in the increase of Ross370

risk aversion in the class of functions considered above. As stated before, marginal utility at low371

values of the attribute is increased with increased risk aversion. This is paired with lower marginal372

utility for high allocations of the attribute. Put differently: the agent is strongly averse to losing373

some of that attribute if he has little and, at the same time, is not very sensitive to losing some of374

the attribute if he has a lot of it. This can be related to the situation of insurance demand. A risk375

averse decision-maker will purchase insurance even at a higher loading and thus willingly give up376

money in a state without a loss if that protects him from very low wealth levels in the loss state.377

With more risk aversion regarding one of the attributes, both of these effects get stronger: the agent378

gets particularly averse to losses at very low levels of the attribute and less sensitive to losses at379

higher levels. Thus, the point x0
1 must decrease in the increase in risk aversion.380
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3 Application: Calibration and risk premiums in the Kőszegi-Rabin Model381

The model on reference dependent risk attitudes introduced by Kőszegi and Rabin (2006, 2007,382

henceforth KR) signifies a major step in the literature on decisions under risk as it constitutes a383

coherent way of endogenizing the reference point into the decision model. The model has shown384

to be very useful in different applications, such as compensation schemes (Herweg et al., 2010)385

or insurance demand (Sydnor, 2010). The way in which the model allows for reference points386

to endogenously arise from expectations also finds strong support in the empirical literature (e.g.387

Sprenger, 2015). Additionally, the model defines an interaction between large scale consumption388

utility and small stakes gain-loss utility. It bases this interaction on prior empirical observations389

and KR (2007) generate a set of exemplary results which reflect intuition sensibly.390

Given wealth w and a reference point ρ, KR represent preferences in their model as follows::391

u(w|ρ) = m(w) + µ(m(w)−m(ρ)). (18)

Here, m(·) is the consumption utility function and µ(·) is the gain-loss utility function. In KR’s392

initial set of axioms A0-A4, the consumption utility function m(w) is assumed to be concave in w,393

while the gain-loss utility function is assumed to be concave over gains (when w ≥ ρ), to be convex394

over losses (when w < ρ) and to feature loss aversion.395

The model is part of a class of modern behavioral economics models which assume that util-396

ity is derived from more than one attribute.13 In it, wealth leads to both reference independent397

consumption utility and reference dependent gain-loss utility. Even though wealth is the root of398

both consumption utility and gain-loss utility, they have to be seen as separate attributes. While a399

certain amount of wealth always leads to the same consumption utility in every decision situation,400

the same amount can, depending on the decision situation, lead to positive, negative or neutral401

gain-loss utility. The preference functional is thus a multiattribute utility function in which the first402

attribute is wealth and the second attribute is the divergence of consumption utility this wealth403

implies compared to a reference level of consumption utility. The functional form of the KR model404

13As mentioned in the introduction and is discussed in Kőszegi and Rabin (2007), other models in behavioral
economics feature similar constructions. Particularly regret aversion theories (such as the one introduced by Loomes
and Sugden, 1982) are very similar and indeed can benefit from our results in a similar manner as the KR model
discussed here.
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as it is recited in equation (18) further implies that the utility function is additive between the two405

attributes and thus represents an AMU functional with component utility functions m(·) and µ(·).406

Risk preferences are determined jointly by both functions.407

In this section, we will discuss and partially solve an issue in this model that was already noted408

by KR (2006; 2007, footnotes 6 and 12, respectively). Namely, due to the additive nature of the409

KR model, the shapes of its component functions alone are not informative regarding risk aversion410

and thus risk premiums (in terms of changes in wealth w) of the model. This makes the calibration411

of the full model a tedious process in which the function for small stakes gain-loss utility has to412

be elicited pointwise over the entire context (see Appendix B in Kőszegi and Rabin, 2007). We413

show generally that contextual component utility functions and increases in Ross risk aversion are414

sufficient conditions such that the risk premiums for surprise gains or losses are monotonic in the415

risk aversion of the small stakes gain-loss utility function. This makes the shape of the function416

more informative and allows for an easier calibration of the model. We then give an example for417

a parametric class of component utility functions in which a single parameter determines both the418

risk aversion of the small stakes gain-loss utility function and the risk premium over surprise gains419

or losses.420

We consider here a situation in which the decision-maker is evaluating a surprise gain or loss421

with his initial wealth as the reference point. In such situations, loss aversion does not influence the422

decision-maker’s preferences. In its original form, the model is an AMU function with attributes423

large scale consumption and consumption deviation from the reference point. In this form, changing424

the curvature of one of the component functions does not monotonically shift the risk aversion of425

the preference functional. To see this, consider the coefficient of absolute risk aversion of the KR426

preference functional as it is given in equation (18) for surprise gains.14 To avoid confusion through427

long equations, we drop the arguments of the functions.428

rm,µ(w + x|w) = −u
′′(w + x|w)

u′(w + x|w)
= −m

′′ +m′′µ′ + (m′)2µ′′

m′ +m′µ′
(19)

To show that in general the risk aversion of the entire preference functional is not directly429

related to the risk aversion of either m(·) or µ(·), we use a Pratt (1964) transformation to form430

14The argument for a surprise loss is analogous.
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ν(·) = g(µ(·)). We then compare the new risk aversion coefficient with the one in equation (19), by431

evaluating432

rm,ν(w + x|w)− rm,µ(w + x|w) =
m′′ +m′′µ′ + (m′)2µ′′

m′ +m′µ′
− m′′ +m′′ν ′ + (m′)2ν ′′

m′ +m′ν ′

=
m′(µ′′ − ν ′′)−m′g′′(µ′)3

(1 + µ′)(1 + ν ′)
.

(20)

The last expression does not have a clear interpretation, since µ′′ − ν ′′ does not have a clear433

sign. Changing µ(·) changes the additive composition of µ(·) and m(·). As such, making one of434

the functions more risk averse can make the overall functional less risk averse, such that the risk435

premium for a given risk is decreased.436

The argument with regard to changes in the risk aversion of m(·) is corresponding to the ar-437

gument for µ(·) given above. Again we can consider the change in the risk aversion coefficient of438

u(w + x|w) if m(·) is changed to n(·) = g(m(·)):439

rn,µ(w + x|w)− rm,µ(w + x|w) =
−g′′(m′)2(1 + µ′) + µ′′n′(m′ − n′)

n′(1 + µ′)
(21)

The sign of the difference can again not be determined uniquely. m′ − n′ does not have a definitive440

sign. By Theorem 1 in Pratt (1964) this also implies that risk premiums do not change monotonically441

in the Arrow-Pratt risk aversion coefficient of either component utility function m(·) or µ(·).442

As already noted by KR, the property highlighted in Equations (20) and (21) makes the com-443

ponent utility functions difficult to interpret. For m(·) this is expected and also not problematic.444

The structure of the KR preference functional explicitly allows for the forces of consumption utility445

risk aversion and small stakes risk aversion over changes in consumption utility to counteract one446

another. Since consumption utility is present in both terms, changing the curvature of this func-447

tion is not intended to have a monotonic effect. Additionally, the function for consumption utility448

appears in an isolated fashion in some equilibria of the KR model. Its risk aversion coefficient thus449

has an intuitive and meaningful interpretation in those equilibria and the comparative statics there450

are as reported in Pratt (1964). The same argument cannot be made for the function µ(·). Firstly,451

it is never present in isolation and as such never has an intuitive and meaningful interpretation by452
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itself. Secondly, and more importantly, it is only present in one of the two additive terms of the453

overall functional and thus its curvature should have monotonic implications.454

Panel (a) of Figure 2 offers a numeric example of how risk premiums can develop non-monotonically455

in the risk aversion of µ(·). We consider an individual with preferences as in the example of456

KR: u(w|ρ) = 10, 000 log(w) + µ(10, 000 log(w) − 10, 000 log(ρ)) with µ(x) = xα for x ≥ 0 and457

µ(x) = −3(−x)α for x < 0.15 We focus on µ(·) for which α is inversely related to its Arrow-Pratt458

risk aversion. We now consider different surprise gambles from a reference point equal to the start-459

ing wealth of $1,000,000. As can be seen, the risk premiums for accepting a wager to win either460

$5,000 or $10,000 do not change monotonically in the risk aversion of µ(·). Both first increase but461

later decrease in α, even though the risk aversion of function µ(·) monotonically decreases in α.462

This shows that the influence of risk aversion in µ(·) on the risk premium of a gamble in the gain463

domain is not unique in sign.464

(a) Risk premiums of the original KR preference func-
tional. Risk premiums do not change monotonically
in the risk aversion of µ(·) which is inversely related
to α.

(b) Risk premium of the modified preference functional
using a contextual component utility function for µ(·)
where Arrow-Pratt risk aversion and Ross risk aver-
sion are positively related to β.

Figure 2: Panels display the risk premium for a 50% surprise chance of winning different amounts
with the reference point equal to the initial wealth of $1,000,000 for different parameter values in
the chosen functional form of µ(·).

The general result in equation (20) and its numerical example in panel (a) of Figure 2 show that465

any sensitivity analysis regarding the risk aversion of µ(·) in the KR model is difficult to interpret.466

This makes the calibration of the overall preference functional so difficult as there is no such concept467

15The functional form of µ(·) for negative values is only stated for the sake of completeness and has no influence on
the results shown in Figure 2.
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as a risk premium which can be linked to the cardinal structure of µ(·). However, our Theorem468

1 directly implies sufficient conditions under which the risk premium in the model is monotonic469

in the risk aversion of the function µ(·). Using a contextual component utility function for µ(·)470

and applying increases in Ross risk aversion rather than just in Arrow-Pratt risk aversion leads to471

this monotonicity and makes µ(·) more interpretable. If these two changes are applied the sign of472

rm,ν(w + x|w) − rm,µ(w + x|w) becomes positive (due to µ̄′′ − ν̄ ′′ > 0, cf. Lemma 1) as would be473

expected and an analysis of changes in the risk aversion coefficient becomes more intuitive.16
474

In behavioral economics in general and for the calibration of preference functionals in particular,475

it is often important to assume a parametric structure of the preference functional. For this,476

it can be desirable to have a single parameter that controls the risk aversion of a component477

utility function. For the applicability of our theoretical results, it is thus important that there are478

parametric functions in which a single parameter is monotonically related to the Ross risk aversion479

of the function. Ross (1981) himself introduces one such class which is given by:480

ui(xi) = xi − βe−xi (22)

Here, Ross risk aversion (and thus also Arrow-Pratt risk aversion) is monotonically increasing in481

β. Another such class is the class of quadratic utility functions (ui(xi) = xi − γx2
i ). However, this482

class has very low empirical support (Stott, 2006). We thus recommend working with the functional483

form given by equation (22).484

An application of this function is shown in panel (b) of Figure 2 which exemplifies our general485

result. We use the same situation as displayed in panel (a) but use a contextual component utility486

function instead. We choose the context [0, b̄(log(1, 010, 000)− log(1, 000, 000))] for µ̄(x) for x ≥ 0487

and [b̄(log(1, 000, 000) − log(1, 010, 000)), 0] for µ̄(x) for x < 0. The preference functional now is488

u(w|ρ) = b̄log(w) + µ̄(b̄log(w) − b̄log(ρ)) with µ̄(x) = x−βe−x+β
xmax−βe−xmax+β

.17 It can be seen how the489

proposed functional leads to monotonic changes of the risk premium in the risk aversion of the490

gain-loss utility function.491

16As mentioned above, an increase in Ross risk aversion always increases the Arrow-Pratt risk aversion as well.
Thus, applying shifts in Ross risk aversion allows for a numerical analysis of shifts in risk aversion.

17Note that µ(xmin) = −β from equation (22) by construction since xmin = 0.
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Using a contextual utility function and increases in Ross risk aversion can, however, only amelio-492

rate the comparative statics issues, not eliminate them all-together. Ordinal preferences still shift to493

a certain extent when the risk aversion of a contextual component utility function is changed. This494

happens in a more consistent and intuitive manner than before, but it can never be fully eliminated495

without leaving the the additive paradigm.496

4 Discussion and conclusions497

In this paper, we aim to change the risk aversion regarding a single attribute of an AMU function.498

We start by remarking that this is impossible to do without changing either the ordinal preference499

structure or the additivity of the utility function. Kihlstrom and Mirman (1974) argue that only500

utility functions with the same ordinal preferences should be compared based on their risk aversion.501

However, this leaves only few functions eligible for comparison and, amongst other things, makes502

AMU functions incomparable regarding their risk aversion. This in turn implies that many of the503

comparisons of AMU functions, such as those done in calibration exercises of additive behavioral504

models, cannot be made unconditionally.505

Following Wilcox (2011), we introduce the class of CAMU functions which are a subset of AMU506

functions. In this class, changing the Ross risk aversion regarding one attribute leads to monotonic507

changes of both the risk premium in that attribute and the risk premium in all other attributes.508

Additionally, while applying a Ross risk aversion increasing transformation to a component utility509

function does not only change the risk aversion, but also affects the ordinal preference ordering,510

it does so in an intuitive way. The class of functions lends itself to making popular behavioral511

economics preference functionals more interpretable and can significantly simplify their calibration512

as we exemplify in the popular decision model by Kőszegi and Rabin (2006, 2007). The functions,513

however, do not fully remedy the problems. When applying Theorem 1, one always needs to be514

aware that it is not only the risk aversion that changes. Thus, some of the sensitivity analysis515

results can, in part, also stem from the change in ordinal preferences.516

It is generally the case that as soon as one makes structural assumptions for a multiattribute517

utility function, it is possible that situations exist in which ”undesirable” behavior is implied by the518

assumed form. This is true for AMU functions which have been subject to several criticisms in the519
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theoretical literature (e.g. Richard, 1975; Epstein and Zin, 1989). However, structural assumptions520

are often necessary, because certain questions, such as welfare analyses or measurements of the value521

of the statistical life, cannot be analyzed without them. When structural assumptions are made,522

AMU functions are still one of the most commonly used forms. In canonical economic analyses, the523

additive form for intertemporal decisions is either chosen due to its prevalence (e.g. Hall and Jones,524

2007) or to simplify calculations which is often necessary for computationally exhaustive calibrations525

(e.g. Einav et al., 2010). In behavioral applications, it is by far the most prevalent form to model526

two attributes such as own wealth and that of others (Fehr and Schmidt, 1999; Trautmann, 2009)527

or to model two stimuli that both result from monetary payments (e.g. Loomes and Sugden, 1982;528

Kőszegi and Rabin, 2006, 2007). Studies in these fields thus rely on additivity assumptions despite529

the well-known criticisms of them. Indeed, even though it is known that changing risk aversion in530

the additive intertemporal model also changes the intertemporal rate of substitution, robustness531

checks on the coefficient of risk aversion of the component functions abound. Similarly, studies in532

behavioral economics bestow meaning on the coefficients of their component functions even though533

such meaning is also never separable from ordinal preferences.534

Showing what statements can and cannot be made within the setting of AMU functions is an535

important question which we address in this paper. We aim at allowing researchers that want to stay536

in the additive paradigm to have component utility functions with more meaningfully interpretable537

coefficients. As we have shown in our application this greatly simplifies the calibration of preference538

functionals as cross-attribute risk premiums are now sufficient for the exercise whilst before the539

entire preference functional had to be elicited point-wise over the relevant context (see Kőszegi and540

Rabin, 2007, Appendix B).541

A different approach to comparing the risk aversion of two AMU functions has been proposed542

by Jindapon and Neilson (2007). In their discussion of higher-order generalizations of risk aversion543

measures, they derive a comparative static on a prevention problem by equating the marginal544

utility of ui and vi at the expectation of the risk on attribute xi. While they aim at demonstrating a545

different point with their analysis, they briefly discuss the comparability of the two agents and argue546

against it because ordinal preferences have changed. Their argument is in line with our warning547

that ordinal preferences will always be affected by a transformation of a component utility function548

and that this should always be kept in mind when deriving comparative statics. The advantage549
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of our approach over that of Jindapon and Neilson (2007) is simply that their transformation is550

dependent on the expected value of the specific risk studied. It can thus not be applied as flexibly as551

our approach. In particular, their approach can likely not be applied to the calibration of preference552

functionals, because such methods commonly change not only the riskiness but also the expectation553

of lotteries (as, e.g., in Holt and Laury, 2002). Despite its higher degree of flexibility, our approach554

is still dependent on the context of the decision problem. This also does not make it universally555

applicable, but it is applicable to any risk which is bounded within the context, irrespective of556

its expected value. The note of Liu and Wang (2017), which extends the paper by Jindapon and557

Neilson (2007) and was developed independently from our work, uses a normalization which is558

equivalent to our class of CAMU functions. Their first proposition then shows a result which is559

related to our Theorem 1. The major difference between their result and ours is that they consider560

a maximization problem which is concerning the optimal amount of reduction in risk, while we561

consider the willingness to pay for the elimination of a specified amount of risk. The two concepts562

are related, but the answer to one does not imply an answer to the other (Jaspersen, 2016).563

Our paper clarifies what analyzing a change in risk aversion of a component utility function can564

and cannot show. By introducing CAMU functions and highlighting increases in Ross risk aversion,565

we provide a way of changing the concavity of component utility functions while maintaining certain566

monotonicity properties. Such an analysis does change both the ordinal preference ordering and567

the risk aversion coefficient regarding the argument of the respective function. However, we know568

from Proposition 1 that only changing the risk aversion coefficient and maintaining both ordinal569

preferences and the additive structure is, in fact, impossible.570
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Appendix571

A Extensions to more than two attributes and proofs572

A.1 Extension of Proposition 1 and proof573

We can define the AMU function in n attributes as U(x) = U(x1, ..., xn) =
∑n

i=1 ui(xi) and its574

contextual counterpart as Ū(x) = Ū(x1, ..., xn) =
∑n

i=1 biūi(xi). We now state the general version575

of Proposition 1 for n attributes.576

577

Proposition 2. Assume two twice continuously differentiable utility functions in n attributes

U(x1, ..., xn) and V (x1, ..., xn) with n ≥ 2 and rVi (x) 6= rUi (x) for some i and at least one value

of x. Then

1. if rVj (x) = rUj (x) for some j 6= i at the same value of x, U(x1, .., xn) and V (x1, ..., xn) do not

imply the same ordinal preference ordering.

2. if U(x1, ..., xn) and V (x1, ..., xn) are AMU functions, U(x1, ..., xn) and V (x1, ..., xn) do not

imply the same ordinal preference ordering.

578

579

Proof. We start with the first item, which we prove by contradiction. Assume that the functions580

U(·) and V (·) represent the same ordinal preferences over n attributes. This implies that there581

exists a non-decreasing and thus monotonic function Γ(·) : R → R such that Γ(U) = V . Assume582

further that rUi (x) 6= rVi (x) at some value of x. From the definition of V , we know rVi (x) = −
∂2V

∂x2
i

∂V
∂xi

=583

−
∂2Γ
∂U2

(
∂U
∂xi

)2
+ ∂Γ

∂U
∂2U

∂x2
i

∂Γ
∂U

∂U
∂xi

= −
∂2Γ
∂U2

∂U
∂xi

∂Γ
∂U

+ rUi (x). Our regularity conditions dictate ∂Γ
∂U > 0 and ∂U

∂xi
> 0 such584

that rUi (x) 6= rVi (x) for some value x implies ∂2Γ(U(x))
∂U(x)2 6= 0 at x. By the same logic as above, we see585

that rVj (x) = −
∂2Γ
∂U2

∂U
∂xj

∂Γ
∂U

+ rUj (x). So rVj (x) = rUj (x) at x for some j 6= i implies ∂2Γ(U(x))
∂U(x)2 = 0 at x.586

This is a contradiction.587

The second item is again shown by contradiction.18 Again assume that the AMU functions588

U(·) and V (·) represent the same ordinal preferences over n attributes, implying that there exists589

a non-decreasing and thus monotonic function Γ(·) : R → R such that Γ(U) = V . Assume further590

18A previous version of the paper included a proof which did not require differentiability of U(·) and V (·). It was
pointed out to us that assuming differentiability significantly reduces complexity of the proof and reflects the setting
of our paper better.
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that rUi (x) 6= rVi (x) at some value of x. From above we know that rUi (x) 6= rVi (x) for some value591

x implies ∂2Γ(U(x))
∂U(x)2 6= 0 at x. From both both U(·) and V (·) being AMU functions, we know592

for all j 6= i it holds that ∂2U(x)
∂xi∂xj

= ∂2V (x)
∂xi∂xj

= ∂2Γ(U(x))
∂U(x)2

∂U(x)
∂xi

∂U(x)
∂xj

+ ∂Γ(U(x))
∂U(x)

∂2U(x)
∂xi∂xj

= 0 and thus593

∂2Γ(U(x))
∂U(x)2 = 0. This is a contradiction.594

Since Proposition 1 is a special case of Proposition 2, it is sufficient to proof the latter for595

showing the former.596

A.2 Proof of Lemma 1597

This is a recollection of the argument by Liu and Wang (2017) and is stated here for completeness.598

Proof. Because v̄i(xi) is more Ross risk averse than ūi(xi), it holds that vi(xi) is more Ross599

risk averse than ui(xi). Thus,
v′′i (xai )
u′′i (xai )

≥ λ ≥ v′i(x
b
i )

u′i(x
b
i )

for all xai , x
b
i ∈ [xmini , xmaxi ]. This implies600

−v′′i (xai ) ≥ −λu′′i (xai ) and v′i(x
b
i) ≤ λu′i(x

b
i) for all xai , x

b
i ∈ [xmini , xmaxi ]. From the latter it follows601

that vi(x
max
i )−vi(xmini ) ≤ λ[ui(x

max
i )−ui(xmini )]. Substituting the inequality of the second deriva-602

tives renders
−v′′i (xai )

vi(xmax
i )−vi(xmin

i )
≥ −u′′i (xai )

ui(xmax
i )−ui(xmin

i )
and thus −v̄′′i (xi) ≥ −ū′′i (xi) or v̄′′i (xi)−ū′′i (xi) ≤ 0603

for all xi ∈ [xmini , xmaxi ].604

A.3 Extension of Theorem 1 and proof605

We start by defining the relevant concepts for the case of n attributes. By virtue of the additive606

functional form, we may, without loss of generality, assume attributes x1 through xj to be the607

on-attributes and attributes xi for i > j to be the cross-attributes. Consistent with the nota-608

tion in Section 2.1, we define the on-attributes as x1,...,j and the cross-attributes as xj+1,...,n. We609

define the on-attribute and cross-attribute risk premiums in many attributes in correspondence610

with Paroush (1975). We define the on-attribute risk premium in multiple attributes as a vector611

(π1;1,...,j , ..., πj;1,...,j) ∈ Π1,...,j;1,...,j which is a solution to612

E [U(x̃1, ..., x̃j , x̃j+1, ..., x̃n)] = E [U(E[x̃1]− π1;1,...,j , ...,E[x̃j ]− πj;1,...,j , x̃j+1, ..., x̃n)] . (23)
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Similarly, we define the cross-attribute risk premium in multiple attributes as a vector613

(πj+1;1,...,j , ..., πn;1,...,j) ∈ Πj+1,...,n;1,...,j which is a solution to614

E [U(x̃1, ..., x̃j , x̃j+1, ..., x̃n)] = E [U(E[x̃1], ...,E[x̃j ], x̃j+1 − πj+1;1,...,j , ..., x̃n − πn;1,...,j)] . (24)

Theorem 1 can in some ways be extended to multiple attributes but not in every case. We will615

cover all possible cases and prove those which can be generalized. For the theorem to be generaliz-616

able, we first need a notion of how two risk premiums in multiple attributes can be compared. For617

both equation (23) and equation (24) the solution vector is not unique. To make the risk premiums618

nevertheless comparable, we adopt the definition by Paroush (1975) and, for the on-attribute risk619

premium, define Π1
1,...,j;1,...,j to be larger than Π2

1,...,j;1,...,j , in short Π1 > Π2 if π1
i,1,...,j > π2

i,1,...,j620

whenever for all other k 6= i, π1
k,1,...,j = π2

k,1,...,j . The cross-attribute risk premiums are compared in621

the same way.622

If the risk premium is paid in more than one attribute, Theorem 1 can only be extended to those623

cases in which the risk premium is not paid in any of the attributes for which the component utility624

function is changed. The reason is that changing the risk aversion in the component utility function625

of an attribute not only changes the risk premium on that attribute, but also the ordinal preferences626

between the attributes. Assume, for example, n = 2. If the risk in attribute 1 is supposed to be627

reduced, the component utility function of attribute 1 is changed and if the risk premium is paid in628

both attributes, then not only the risk aversion of each attribute, but also the ordinal preferences629

between both attributes play a role. Since the ordinal preferences do not change monotonously630

(as was shown in Section 2.5), there is always the possibility that their change influences the risk631

premium in the opposite direction to the influence of the concavification.632

It could be argued that this posits a trade-off. If the change in ordinal preferences was monotonous,633

one could always devise a counterintuitive decision situation as the one given in the introduction.634

However, a non-monotonous change leads to a restriction on the generalization of Theorem 1. This635

trade-off is, however, an artifact of the case in which only one utility function is changed. If both util-636

ity functions are changed, even a monotonous change in ordinal preferences due to a concavification637

(which could, e.g., be achieved by applying a transformation g(·) on all component utility functions638

which is restricted such that g′ < 1) would not be sufficient. Since the component utility functions639
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differed before, even applying the same transformation to all of them would render changes to ordi-640

nal preferences which depend on the original component utility functions. This would prohibit any641

general statement regarding the change in the risk premium. We also know from Propositions 1642

and 2 that such a situation will appear under any transformation which preserves additivity.643

These considerations leave three cases for which Theorem 1 can be generalized: firstly, if the644

risk in multiple attributes is reduced and the cross-attribute risk premium is paid out of a single645

attribute, secondly, if the risk in one or more attributes is reduced and the cross-attribute risk646

premium is paid out of more than one attribute and thirdly (and trivially) to the on-attribute risk647

premium if risk in only one attribute is reduced while the utility function has more than one other648

attribute. This is summarized in Theorem 2 below.649

650

Theorem 2. For two twice continuously differentiable, contextual additive multivariate utility

functions Ū(x1, ..., xn) =
∑n

i=1 biūi(xi) and V̄ (x1, ..., xn) =
∑j

i=1 biv̄i(xi) +
∑n

i=j+1 biūi(xi) with

Ū i > 0 ∀ i, Ū ii < 0 ∀ i ≤ j < n and each v̄i(xi) being weakly more Ross risk averse than the

corresponding ūi(xi), the following properties hold:

1. ΠV̄
i;i ≥ ΠŪ

i;i ∀ x ∈ [xmin,xmax] and i ≤ j.

2. ΠV̄
j+1,...,n;h,...,k ≥ ΠŪ

j+1,...,n;h,...,k ∀ x ∈ [xmin,xmax] and 1 ≤ h ≤ k, j

651

652

Proof. The first property follows from the additivity of the utility functions and from the fact that653

the set of contextual additive multivariate utility functions is a subset of the additive multivariate654

utility functions.655

To prove the second property, we use the additive nature of the utility function and define the656

risk premiums for both utility functions.657

∑
i biE[ūi(x̃i)] =

∑
i∈[1,h[ biE[ūi(x̃i)] +

∑
i∈[h,j] biūi(E[x̃i]) +

∑
i∈]j,k] biūi(E[x̃i]− πŪi;h,...,k)

+
∑

i∈]k,n] biE[ūi(x̃i − πŪi;h,...,k)]
(25)658 ∑

i∈[1,j] biE[v̄i(x̃i)] +
∑

i∈]j,n] biE[ūi(x̃i)] =
∑

i∈[1,h[ biE[v̄i(x̃i)] +
∑

i∈]j,k] biūi(E[x̃i]− πV̄i;h,...,k)

+
∑

i∈[h,j] biv̄i(E[x̃i]) +
∑

i∈]k,n] biE[ūi(x̃i − πV̄i;h,...,k)]
(26)

Subtracting equation (26) from equation (25) and simplifying renders:659
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0 =
∑

i∈[h,j] bi [E[ūi(x̃i)]− ūi(E[(x̃i)])− (E[v̄i(x̃i)]− v̄i(E[(x̃i)]))]

−
∑

i∈]j,k] bi

[
ūi(E[x̃i]− πŪi;h,...,k)− ūi(E[x̃i]− πV̄i;h,...,k)

]
−
∑

i∈]k,n] biE
[
ūi(x̃i − πŪi;h,...,k)− ūi(x̃i − πV̄i;h,...,k)

] (27)

We now consider the elements of the first sum of the right hand side. As in Lemma 1, we define660

f(xi) = v̄i(xi)− ūi(xi). Using Lemma 1, we can then state:661

f(E[x̃i])− E[f(x̃i)] ≥ 0

v̄i(E[x̃i])− ūi(E[x̃i])− E[v̄i(x̃i)− ūi(x̃i)] ≥ 0

E[ūi(x̃i)]− ūi(E[x̃i])−
[
E[v̄i(x̃i)]− v̄i(E[x̃i])

]
≥ 0

(28)

Thus, the other two sums of the right hand side taken together must be positive. Applying the662

comparison concept for multi-element risk premiums by Paroush (1975), we need to show that for663

an arbitrary l > j it holds that πŪi;h,...,k = πV̄i;h,...,k ∀ i 6= l implies πŪl;h,...,k ≤ πV̄l;h,...,k. This can be seen664

by665

πŪi;h,...,k = πV̄i;h,...,k ∀ i 6= l⇒


ūl(E[x̃l]− πŪl;h,...,k) ≥ ūl(E[x̃l]− πV̄l;h,...,k) for l ≤ k

E[ūl(x̃l − πŪl;h,...,k)− ūl(x̃l − πV̄l;h,...,k)] ≥ 0 for l > k

(29)

666

Since Theorem 1 is a special case of Theorem 2, it is sufficient to proof the latter for showing667

the former.668

While the possibilities to extend Theorem 1 are limited, they do offer the generalization to the669

possibly most relevant case of many attributes at risk. Emerging challenges like cyber risk lead to670

risk in several dimensions such as reputation, intellectual property and interruption of operations.671

Investing into cyber security infrastructure decreases these risk at the cost of monetary expenses.672

It is very fathomable that certain events, such as a big data leak at a competitor, make managers673

more risk averse regarding some of those dimensions. Theorem 2 offers a tool for calibration and674

economic analyses of such situations.675
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B A Class of Functions Ordered by Ross Risk Aversion676

Given a utility function u(x), the functions vk(x) are defined by the transformation vk(x) = λu(x)+677

kh(x) with λ > 0, h(x) > 0, −λu′(x) < h′(x) ≤ 0, h′′(x) ≤ 0 and 0 ≤ k < −λu
′(x)
h′(x) for all678

x ∈ [xmin, xmax]. Since Ross risk aversion is equal for all positive affine transformations of a utility679

function, it does not change from u(x) to vk(x) if k = 0. To show that Ross risk aversion is680

increasing in k, we show that k1 < k2, it holds that
v′′k2

(xa)

v′′k1
(xa)
≥

v′k2
(xb)

v′k1
(xb)

. The inequality is equivalent to681

λu′′(xa)+k2h′′(xa)
λu′′(xa)+k1h′′(xa) ≥

λu′(xb)+k2h′(xb)
λu′(xb)+k1h′(xb) . It can be seen that it is always fulfilled, because the left-hand-side682

is greater 1, while the right-hand-side is smaller 1.683
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Kőszegi, B. and Rabin, M. (2007). Reference-dependent risk attitudes. The American Economic745

Review, 97(4):1047–1073.746

Liu, L. and Wang, J. (2017). A note on the comparative statics approach to nth-degree risk aversion.747

Economics Letters, 159:116–118.748

Loomes, G. and Sugden, R. (1982). Regret theory: An alternative theory of rational choice under749

uncertainty. The Economic Journal, 92(368):805–824.750

Paroush, J. (1975). Risk premium with many commodities. Journal of Economic Theory, 11(2):283–751

286.752

Pollak, R. A. (1967). Additive von Neumann-Morgenstern utility functions. Econometrica, 35(3-753

4):485–494.754

Pratt, J. W. (1964). Risk aversion in the small and in the large. Econometrica, 32(1-2):122–136.755

32



Richard, S. F. (1975). Multivariate risk aversion, utility independence and separable utility func-756

tions. Management Science, 22(1):12–21.757

Ross, S. A. (1981). Some stronger measures of risk aversion in the small and the large with appli-758

cations. Econometrica, 49(3):621–638.759

Sprenger, C. (2015). An endowment effect for risk: Experimental tests of stochastic reference points.760

Journal of Political Economy, 123(6):1456–1499.761

Stott, H. P. (2006). Cumulative prospect theory’s functional menagerie. Journal of Risk and762

Uncertainty, 32(2):101–130.763

Sydnor, J. (2010). (Over)insuring modest risks. American Economic Journal: Applied Economics,764

2(4):177–199.765

Trautmann, S. T. (2009). A tractable model of process fairness under risk. Journal of Economic766

Psychology, 30(5):803–813.767

Viscusi, W. K. and Evans, W. N. (1990). Utility functions that depend on health status: estimates768

and economic implications. The American Economic Review, 80(3):353–374.769

Wilcox, N. T. (2011). Stochastically more risk averse: A contextual theory of stochastic discrete770

choice under risk. Journal of Econometrics, 162(1):89–104.771

33


